Abstract. Let A be a uniformly hyperfinite C * -algebra with infinitely many 2 × 2 matrix factors. It is shown that, up to conjugacy, there is a unique antisymmetry (involutory * -antiautomorphism) of A.
Introduction
In a groundbreaking paper [1] in 1990, Blackadar produced an answer to the longstanding question of whether or not a period two automorphism (or symmetry) of an AF algebra possessed an AF fixed point algebra. He showed that, even in the case where the algebra in question was the uniformly hyperfinite C * -algebra with infinitely many 2 × 2 matrix factors (the CAR algebra), the fixed point algebra may not be AF. He observed in a final section of the paper that "One might hope that a modification of the methods of this paper could provide a negative solution to the following well-known open question: is there an antisymmetry of the CAR algebra A which is not locally representable?" Antisymmetries of a given C * -algebra A are in bijective correspondence with real C * -algebras R with complexification equal to A (real forms of A): given an antisymmetry Φ the fixed point subalgebra of Φ • * is a real form of A and, given a real form R of A, the mapping a + ib → a * + ib * for a, b ∈ R is an antisymmetry. The present paper attacks Blackadar's question by analysing the real forms of the CAR algebra. Since Blackadar's paper was written there have been major advances in the classification program for simple C * -algebras. In particular, the work of Lin [12] , [16] , [14] has moved the program in the finite case past the state where an inductive limit structure is required. This provides a method for resolving Blackadar's question in the negative. The paper [23] shows that the framework used by Lin applies to the real algebra associated with an antisymmetry of A. It was shown by Blackadar in Theorem 8.4.2 of [1] that any such real algebra shares the same K-theory as the canonical real CAR algebra. Thus, the final step is now to show that Lin's methods carry through to the real case and enable the real algebras to be classified by their K-theory.
The K-theory for real C * -algebras is considerably more complicated than in the complex case. In particular, the real counterpart to the Universal Coefficient Theorem of Rosenberg and Schochet [17] , which was obtained by Boersema [3] , uses a rather complicated theory of CRT -modules due to Bousfield [4] . Rather than attacking the real counterpart to Lin's classification in full generality, the
where H is a separable real Hilbert space and θ is faithful and of infinite multiplicity. We first note the following real analogue of Proposition 2.18 of [6] . Proof. The proof proceeds exactly as in Proposition 2.18 of [6] , noting that the cited results from [11] are explicitly proved by Kasparov for the real as well as the complex case.
The proof of the real analogue of Theorem 2.22 of [6] cannot proceed exactly as in [6] because Lemma 2.20 in [6] is no longer true for real C * -algebras. A counterexample is given by the algebra H of real quaternions, for which 1 is the only positive element of norm one and for which the only real state φ has
However, Lemma 2.21 of [6] can nevertheless be adapted to the real case. As in [6] , if ι : A → B is a unital full embedding (i.e. has span(Bι(a)B) dense in B for all non-zero a ∈ A), then 
Lemma 2. Let
Proof. Fix a finite set F ⊂ A and > 0. As in [6] it suffices to take n = 1 and to find m and an isometry 
Applying the proof of Lemma 2.21 of [6] to ι C , to the complexification φ C : A ⊗ C → C of φ and to the finite set F ∪ Ψ A (F) = F ∪ F * ⊂ A produces m, k and
for all a ∈ F. Proof. The proof of Proposition 2.19 of [6] carries over to the real case so that the result follows from the lemma above.
3.
Results from K-theory 3.1. United K-theory and the universal coefficient theorem. In this section the relevant K-theoretical tools are summarized for later use. The first set of results relates to the united K-theory used by Boersema in [3] to prove a universal coefficient theorem for real C * -algebras. The basic objects of study in united Ktheory are CRT -modules, first defined by Bousfield in [4] and applied to the Ktheory of real C * -algebras by Boersema in [2] . The CRT -modules arising in the K-theory of a real C * -algebra A are built from the K-groups of A, A ⊗ C and
It is shown in Proposition 8.0.2 of [9] that if, as in the cases considered in this paper, K 1 (A ⊗ C) = 0, then the exact CRT -module corresponding to A is CR-acyclic. It is further shown in Theorem 8.1.2 of [9] that CR-acyclic exact CRT -modules are equivalent to CRmodules, which involve only the real and complex parts of exact CRT -modules and are therefore much easier to work with and describe.
A CR-module consists of a pair {M
R * satisfying various specified relations. If A is a real C * -algebra, then such a CR-module (with an additional property known as exactness or acyclicity) is given by M
The map B is the usual Bott periodicity map, the map B R is the real periodicity map, the map ψ is induced by the real-linear automorphism a + ib → a − ib, where a, b ∈ A, the map c is induced by the embedding of A in A ⊗ C, the map r is induced by embedding A ⊗ C in M 2 (A) and the map η is obtained by multiplication by the generator of K 1 (R). Details can be found in [2] and [9] .
If A is a real C * -algebra such that A ⊗ C is a UHF-algebra with infinitely many 2 × 2 matrix factors, the calculations in Theorem 8.4.2 of [1] , although stated just for the CAR algebra, apply to this situation and give K i (A) = 0 for i = 1, 2, 3, 5, 6, 7 and K 0 (A), K 4 (A) and K 0 (A ⊗ C) all isomorphic to the same dense subgroup G of R. (These results are also easily obtained from the treatment of even abstract cores in section 8.3 of [9] , which shows that the exact CR-module corresponding to A is determined by K 0 (A ⊗ C) and ψ : K 0 (A ⊗ C) → K 0 (A ⊗ C), which are the same as for the real UHF-algebra of the same type as A.) In this situation
, then c 0 and r 4 correspond to the identity map on G and r 0 and c 4 to multiplication by 2 (which is an automorphism).
A real version of the Universal Coefficient Theorem of Rosenberg and Schochet [17] was obtained by Boersema in [3] . When restricted to the real parts of the CRT -modules, his theorem implies, as described in Corollary 4.9 of [3] , that, for real separable C * -algebras A and B, with A ⊗ C in the bootstrap category N , there is a short exact sequence
where [M, N ] denotes the graded group of CRT -morphisms from the CRT -module M to the CRT -module N , Ext [,] (M, N ) denotes the associated derived functor and κ 0 has degree −1. The homomorphism γ 0 is given by γ 0 (x)(y) = α(y, x), where α is the intersection product from
. An extension to the case where B is σ-unital, but not separable, is given in the appendix to this paper. As noted above, for algebras such as those with K 1 (A ⊗ C) = K 1 (B ⊗ C) = 0, which are necessarily CR-acyclic, the category of CRT -modules can be replaced by that of CR-modules. In the case where the only non-zero K-groups of A, A ⊗ C, B and B ⊗ C are in even degrees, it follows from the degree −1 property of κ 0 (implying that the exact sequence involves components Ext(K * (A), K * +1 (B)) and
. When A⊗C and B⊗C are UHF-algebras with infinitely many 2×2 matrix factors, these morphisms are determined by the values on [ 
K
CR -triples. In this section we establish notation for the appropriate counterparts to the K-triples introduced in Section 3.3 of [6] . The real C * -algebras A considered in the present paper have, up to periodicity, no non-zero K-groups other than K 0 (A), K 4 (A) and K 0 (A⊗C). Therefore the CR-module elements with which we are concerned can all be realised as differences of classes of projections from
This definition suffices in the limited circumstances considered here, but it will need modification to cover more general situations. As in Definition 3.7 of [6] , a K CR -triple (P, G, δ) for A (of the form considered here) consists of finite subsets P ⊂ Proj CR (A) and G ⊂ A and a δ > 0 chosen such that whenever φ is a completely positive contraction which is δ-multiplicative on G, then 1 2 does not belong to the spectrum of (φ ⊗ id K )(p) for each p ∈ P (where φ is also used for the extensions φ ⊗ id to A ⊗ C and A ⊗ H). As in Lemma 3.8 of [6] , every finite set P of projections in Proj CR (A) can be augmented to a K CRtriple for A. Then, as in Definition 3.9 of [6] , for any K CR -triple (P, G, δ) for A and any completely positive contraction which is δ-multiplicative on G, φ :
where χ 0 is the characteristic function of ( This will enable the results described in [6] to be transferred to the situation of interest in this paper.
Let B be a real unital C * -algebra satisfying
) are therefore h * -acyclic in the terminology of Chapter 6 of [9] . Noting that, by Proposition 8.0.2 of [9] , such modules are CR-acyclic and therefore, by Theorem 8.1.1 of [9] , are isomorphic under the forgetful functor to h * -acyclic exact CR-modules, Theorem 8.4.2 of [9] yields
This argument applies when B is either of the form fAf for a projection f in A or
where A ⊗ C is a UHF-algebra with infinitely many 2 × 2 matrix factors. Furthermore, when the argument applies to B, it applies to ∞ (B) and to ∞ (B)/c 0 (B).
Uniqueness
The aim of this section is to produce a version of Theorem 6.7 of [6] which is relevant in the present context. There are added complications in extending results from the complex to the real case, and, for this reason, the results here are not given in the same generality as the results in [6] . A general classification theorem for real nuclear C * -algebras would have to address the more general situation. The results and proofs closely follow those in [6] and [14] . In particular, the following result is based on Theorem 4.5 of [6] and Theorem 5.6.4 of [14] . 
for all a ∈ F. Moreover, it can be arranged that . As in [6] , this enables Proposition 4 to be applied to give a contradiction. 
Proposition 6. Let A be a real C * -algebra for which the complexification A ⊗ C is isomorphic to a UHF-algebra with infinitely many 2 × 2 matrix factors and let B be isomorphic to either
Proof. The proof exactly follows that of Theorem 4.15 of [6] , using Proposition 5 instead of Theorem 4.12 of [6] and using the results on products from Section 3.3. Instead of the algebra C used in [6] , the algebras K R , C⊗K R and H⊗K R are used to show that the mapsΦ * ,Ψ * :
The following real analogue of Lemma 6.10 of [12] plays a fundamental role in the proof of Proposition 8. The presentation here follows that in Lemma 6.5 of [6] . Proof. By [23] A has tracial rank zero. As in [6] there exist a projection p ∈ A and a finite dimensional real C * -algebra C with 1 
} is isomorphic to B i1 and is contained in the relative commutant of e i Ce i in e i Ae i . Thus, in all cases, B i is tracially AF, being isomorphic to a corner of A or A ⊗ C, and is contained in the relative commutant of e i Ce i in e i Ae i . This algebra (with K 0 (B i ) isomorphic to a dense subgroup of R) satisfies the conclusions of Lemma 6.4 of [6] . The remaining part of the proof of Lemma 6.5 of [6] then carries through without change, using E = Proof. The proof exactly follows that of Theorem 6.7 of [6] , using Propositions 7 and 6 instead of Lemma 6.5 and Theorem 4.15 of [6] . The proof requires A and ∞ (A)/c 0 (A) to have a cancellation of projections. In the case of A this property follows from Proposition 5.1 and Lemma 6.3 of [22] . It then follows for ∞ (A)/c 0 (A) by using standard approximation techniques to lift projections E, F and a partial isometry V with E = V V * and F = V * V in the quotient algebra to sequences (e n ), (f n ), (v n ) which are ultimately projections or partial isometries and then by using the fact that close projections are unitarily equivalent to establish that eventually 1 − e n is equivalent to 1 − f n and thus 1 − E is equivalent to 1 − F .
Existence
The aim of this section is to produce a version of Lemma 6.4.7 of [14] . The approach is closely modeled on Section 5 of [6] . This uses the description of KK (A, B) as homotopy equivalence classes of Cuntz pairs of representations (φ, ψ) : 
Then any α ∈ KK(A, B) is represented by a Cuntz pair of the form (ρ,θ), wherê
Proof. Let A, B and H be given trivial Z 2 -gradings. If (E, F ) is a real Kasparov bimodule representing α (for which E will be nuclear), then by adding degenerate modules, as detailed in Proposition 2.6 of [19] , there exists F 1 (of degree 1) such that ((E⊗H ) ⊕ (H⊗H ⊗ B), F 1 ) also represents α, where H = H + ⊕ H − is a Z 2 -graded real Hilbert space with H + and H − infinite dimensional, where the tensor products are Z 2 -graded and where the A-action on H⊗H ⊗ B is given by θ ⊗ 1⊗1. Then, noting that the arguments given by Kasparov in [11] apply to the real case with a Z 2 -action, the arguments in Theorem 1.5 and Remark 1.10 of [19] 
with 
This corresponds, as in Lemma 4.1.7 of [10] , to the Cuntz pair (Adu
The next lemma prepares for obtaining an analogue of Theorem 5.4 of [6] .
Lemma 10. Let A be a real C * -algebra such that A ⊗ C is isomorphic to a UHFalgebra and let B be a unital real C * -algebra. Then there exists an admissible scalar
a sequence r n of integers and a sequence e n ∈ M r n (B) of projections such that e n is an approximate unit for
Proof. Let θ be the restriction to A of the GNS representation of A ⊗ C associated with the unique tracial state on A⊗C, regarding the GNS representation space H as a real Hilbert space. If A⊗C = lim(A⊗C) n where each (A⊗C) n is a matrix algebra, then let P n be the real orthogonal projection onto the subspace of H associated with (A ⊗ C) n , let Q n be the orthogonal projection onto the subspace spanned by the first n elements of an orthonormal basis for H and let
. It can then be checked that the result holds when r n is defined by ( 
which are δ-multiplicative on G and satisfy
for all p ∈ P. It can be arranged that σ(1) and μ(1) are both projections.
Proof. Let θ, r n and e n be given by Lemma 10 and, using Lemma 9, let (ρ,θ) be a Cuntz pair representing α. Following the proof of Theorem 5.4 of [6] , let f n = e n ⊕ e n ∈ M 2r n (B) and let σ n = f n ρf n and θ n = f nθ f n . Noting that The following result closely follows Lemma 6.4.7 of [14] .
Proposition 12.
Let A be a real C * -algebra with complexification A⊗C isomorphic to a UHF-algebra with infinitely many 2×2 matrix factors and let R be the real UHFalgebra of the same type as A⊗C.
Proof. Assume that 1 A ∈ P and, by augmenting G and reducing δ if necessary, that (P, G, δ) is a K CR -triple. By further reducing δ and augmenting G if necessary it can be arranged, as in the proof of Lemma 6.11 of [6] , that if p ∈ P and . Then
From this, it can be seen that h(q) and h (q ) can be taken to belong to R.
Then Φ is a unital, completely positive contraction from A to R. Since both μ and γ were chosen to be 1 2 δ-multiplicative on G and h, h are norm reducing, Φ is δ-multiplicative on G. Furthermore, by the first paragraph of the proof,
Antisymmetries
The main result of the paper now follows as in Theorem 6.12 of [6] , without the complication of non-zero K 1 -groups. Theorem 13. Let A be a real C * -algebra with complexification A ⊗ C isomorphic to a UHF-algebra with infinitely many 2 × 2 matrix factors and let R be the real UHF-algebra of the same type as A ⊗ C. Then A is isomorphic to R.
Proof. Let F ⊂ A be finite, let > 0 and let (P, G, δ) be the K CR -triple given by Proposition 8. By Proposition 12 there exists a completely positive unital contraction Φ : A → R such that Φ is δ-multiplicative on G and ρ R (Φ (p)) = ρ A ([p]) for each p ∈ P. By Theorem 7.4 of [22] (noting that 1 ∈ B n for each n), there exists a unital *-homomorphism γ : R → A, which (because the relevant groups are all isomorphic to G ⊂ Q) induces an isomorphism from K CR (R) onto K CR (A). Let {R k : k ∈ N} be a sequence of full real matrix algebras converging to R and let {η k : R → R k : k ∈ N} be a sequence of completely positive contractions converging to the identity map in the point norm topology. (For r = a ⊗ b, with a ∈ R k and b in the relative commutant of R k , let η k (r) = Trace(b)a.) Then γη k Φ : A → A is a completely positive contraction. We can then choose k large enough to obtain γ * (η k Φ) (p) = [p] for all p ∈ P. It follows from Proposition 8 that there exists a unitary u ∈ A so that β = Ad(u) • γ satisfies βη k Φ(a) − a < for all a ∈ F and hence F ⊂ β(R k ), which is isomorphic to R k = M n k (R) for some n k . As in the complex case, described in Theorem 2.2 of [5] , this establishes that A is approximately finite dimensional. From the known classification of approximately finite dimensional real structures in A ⊗ C, described in [7] , [8] , [20] , [21] A is therefore isomorphic to R. In [17] , the universal coefficient theorem is stated for all pairs of complex C * -algebras (A, B) such that A is in the bootstrap category of separable C * -algebras N and B is any σ-unital C * -algebra. However, it has been known for several years that the proof in [17] fails in the case that B is σ-unital but not separable. The problem is that if the K-theory of B is not countably generated, the construction of the geometric free resolution in [18] produces algebras which are no longer σ-unital. In that case, the construction of the geometric injective resolution of [17] will also involve non-σ-unital C * -algebras. The same issue arises in the universal coefficient theorem for real C * -algebras in [3] . In that case, the theorem is stated with the hypothesis that B is separable in order to avoid these problems.
However, in both the real and complex cases, it is highly desired to have a Universal Coefficient Theorem for σ-unital C * -algebras. In the classification of tracially AF C * -algebras (see Section 4 of [6] , Section 5 of [16] , and Section 4 above) the UCT is applied in a setting where B is a non-separable C * -algebra of the form B i / B i .
The purpose of the present note is to prove a result which will restore the validity of the universal coefficient theorem under the more general assumption that B is σ-unital, in both the real and complex cases. Theorems 14 and 15 below are improvements of Theorem 3.2 of [17] and Proposition 4.6 of [3] , respectively. The key point is that for any C * -algebra B we can now arrange a homomorphism where the target algebra D is σ-unital and the induced map on K-theory is surjective. With these theorems, the published proofs of both Theorem 1.17 of [17] 
is a monomorphism.
Proof. Let B be a complex C * -algebra which, as in the proof of [17] , we may assume is unital. Let r : F → B ⊗ K be the first step in the geometric free resolution as in [18] . Note that F may not be σ-unital. The unitized homomorphism
is still part of a geometric resolution in the sense that (r + ) * is surjective and K * (F + ) consists of free groups.
Following the proof of Theorem 3.2 of [17] , using r + instead of r produces an algebra D whose K-theory is injective and a homomorphism S(B ⊗K) + → D whose induced map on K-theory is monomorphic. Composing with the homomorphism SB → S(B ⊗ K)
+ based on a rank 1 projection of K gives the desired f . The algebra D is realized through a series of constructions involving mapping cones and tensor products with separable C * -algebras. Since the starting point for these constructions is the homomorphism r + involving unital C * -algebras, the lemma below guarantees that D is σ-unital. This completes the proof of Theorem 14. The proof of Theorem 15 is achieved by a similar modification of the proof of Proposition 4.6 of [3] . Proof. Let {a n } n∈N and let {b n } n∈N be approximate identities for A and B, respectively. Then {(φ n , a n )} n∈N is an approximate identity for Cf, where 
